Ohki recently proposed a decision-theoretic approach to the retrodiction and smoothing of a quantum observable. Here I convert it to the Schrödinger picture and demonstrate its connections to prior works in quantum estimation theory.
The estimation of a quantum system's past is a fascinating yet controversial topic with a rich history [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Ohki recently introduced a least-mean-square approach that gives the estimation a decision-theoretic flavor [15, 16] . His approach is framed primarily in the Heisenberg picture and the language of control theory [18] , however, which may be difficult to digest for physicists. Here I convert his approach to the Schrödinger picture using more well known concepts in open quantum system theory [19, 20] , so that its connections to prior works in quantum estimation theory can be demonstrated.
Let ρ 0 be a density operator on Hilbert space H, and X anď X be Hermitian operators on H. Define the mean-square risk as
where X represents the hidden quantum observable to be estimated, whileX represents the estimator. If X andX commute, they can be measured simultaneously, and R has a decision-theoretic meaning [21] with respect to the measurement outcomes. If X andX do not commute, R can still be regarded as a quantum measure of how closeX tracks X-R is well defined as the distance between two elements in an L 2 space associated with ρ 0 [22, Sec. 2.8] and its mathematical definition is hardly a sin. To incorporate time in the problem, let ρ 0 be the density operator at time t, U be the unitary operator that governs the time evolution from t to T , anď
be the Heisenberg picture of an estimatorX at time T . Then
can be interpreted as the risk of an operator-valued estimatoř X(T ) that retrodicts X. Equation (3) can be rewritten as
where • denotes the Jordan product X • Y ≡ (XY + Y X)/2 and the identity tr X(Y • Z) = tr(X • Y )Z has been used. * mankei@nus.edu.sg; https://blog.nus.edu.sg/mankei/
where ρ is on H A and ρ BC is on H B ⊗ H C . Taking appropriate partial traces, I obtain
where κ is the completely positive map with the Stinespring representation [20] κ
Equation (6) is the Schrödinger picture of Eq. (3). The same approach still works if bothX and X are on
and R(X) is still given by Eq. (6). I now follow Personick [23] to find the optimal estimatoř X opt , which must give R(X opt + ǫO) ≥ R(X opt ) for any real number ǫ and any Hermitian operator O. Differentiating with respect to ǫ, one finds the minimizing solution
It follows that the unique solution is
and the minimum risk is
R(X opt ) is a measure of the forgetfulness of the quantum system-the higher the R(X opt ), the worse the quantum system is able to keep track of the past of X. Equation (9) appears frequently in the literature in various guises:
where P X is a probability function and {|x } is orthonormal, X = x x |x x|, and
is a classical map with P Y (y) =
x P Y (y|x)P X (x) and another orthonormal {|y }, thenX opt = yX opt (y) |y y|, witȟ
which is the classical conditional expectation. Thus Eq. (9) can be regarded as a quantum generalization of the conditional expectation.
2. If κ is a partial trace, Eq. (9) was discovered by Grishanin and Stratonivich in an early work on quantum estimation [24] .
3. If ρ = x P X (x) |x x| and X = x x |x x|, while
where each ρ x is a density operator conditioned on x, then
and Eq. (9) gives the optimal observable for the estimation of a classical random parameter, as shown by Personick [23] .
4. If κ is a measurement map with
where E is a positive operator-valued measure (POVM), theň
which is the real part of the weak value [3, 5] , as shown by Ohki [16] .
If Y past denotes the past measurement record from t 0 to t and y = Y future denotes the future measurement record from t to T , then a smoothing estimation of X can be performed by computing ρ conditioned on Y past and E as a function of Y future , before combining them via Eq. (16) . For continuous measurements, ρ and E can be computed via the pair of stochastic master equations proposed in Refs. [8] [9] [10] . For example, the optimal estimation of a classical waveform coupled to a quantum system can be done via the hybrid formalism in Refs. [8] [9] [10] .
If H is a bosonic Hilbert space, let W ρ (q, p) be the Wigner function of ρ and W E (q, p) be the Wigner function of E(y), where q ∈ R n and p ∈ R n are vectoral quadrature coordinates [19] . If X is a quadrature operator with X(q,p) depending linearly on canonical position and momentum operatorsq andp, it is not difficult to show thať
which is the quasiprobability approach advocated in Refs. [8, 9, 13] for quantum smoothing. If W ρ and W E are Gaussian and the dynamics is linear, then the Wigner functions andX opt can be computed via well known linear smoothers in the classical theory [25] , as shown in Refs. [7] [8] [9] . (9) is a special case of the quantum conditional expectations given by Ref. [20, Eq. (6.21) ]. Both Ohki [15, 16] and Hayashi [20] have shown how the quantum conditional expectations follow the same mathematical definition as the classical one if judicious inner products are defined.
Equation
One application is quantum Fisher information theory [20, 26] , where ρ is a function of an unknown parameter θ ∈ R and the symmetric logarithmic derivative (SLD) S ρ of ρ is defined by
If κ does not depend on θ, the SLD of κ(ρ) obeys
so S κ(ρ) can be regarded as a conditional expectation of S ρ in the sense of Eq. (9). It follows from Eq. (10) and the fact R ≥ 0 that
which proves the monotonicity of the quantum Fisher information J [20, Theorem 6.1].
Ohki also considered
where X andX may be non-Hermitian [15, 16] . For retrodiction, one can define
and a conversion to the Schrödinger picture in a similar way as before yields
Considering the derivatives of R(X opt + ǫZ) with respect to Re ǫ and Im ǫ, where ǫ is complex and Z is any operator, the optimal solution is
If κ is a measurement map,
which is the complex weak value [16] . Equation (25) is another special case of Ref. [20, Eq. (6.21) ].
The takeaway message is that the retrodiction and smoothing of a quantum observable can be imbued with a decisiontheoretic meaning via a risk measure in the Heisenberg picture, such as Eq. (3) or Eq. (22) , and the result turns out to coincide with many established concepts in quantum estimation theory. I have focused on risks of the mean-square type here, but there is no reason why one cannot consider more general forms of risks [20, 27] , such as R = tr ρ 0 l(X,X),
where l is an operator-valued loss function, or even R = tr l(ρ 0 , X,X).
Whether such generalizations can lead to any productive consequences remains to be seen. This work is supported by the Singapore National Research Foundation under Project No. QEP-P7.
